Abstract. We express the vanishing conditions satisfied by the correlation functions of Drinfeld currents of quantum affine algebras, imposed by the quantum Serre relations. We discuss the relation of these vanishing conditions with a shuffle algebra description of the algebra of Drinfeld currents.
Introduction. This paper is concerned with the functional properties of the correlation functions of Drinfeld currents of untwisted quantum affine algebras. Letḡ be a simple finite-dimensional complex Lie algebra, g be its affinization and U q g the associated quantum algebra. We will denote the positive nilpotent currents of U q g by e α (z), where z is a formal variable and α is a simple root ofḡ. The correlation functions of these currents are defined as follows.
For V a highest weight module over U q g, v in V and ξ in V * weight vectors, one considers the series
where the I α are the sets {1, . . . , n α }, and r is the rank ofḡ; this series is defined in C[[z (α) i , z
]]. In the classical case (q = 1), the functional properties of these correlation functions are the following.
Theorem 0.1. ( [7] ) Denote by (a αβ ) 1≤α,β≤r the Cartan matrix ofḡ. f (z 
for any simple roots α, β, where N = 1 −a αβ , j is some index of I β and i 1 , . . . , i N are N distinct indices of I α . In other words, f (z with A(z
The vanishing conditions are consequences of the Serre relations, and of the identity ξ, [x, y](z)v = res z ′ =z ξ, x(z ′ )y(z)v dz, for x, y inḡ and x(z) the field associated with x.
Our goal in this paper is to express vanishing conditions for correlators of Drinfeld currents, analogous to the relations (2). We show 1) it belongs to C((z 
for α < β or α = β and i < j, or when some z (α) i meets the origin; it satisfies the twisted symmetry relations
where σ 
where A belongs to the space of Laurent polynomials C[z
] and is symmetric in the (z
for any α, β, where j belongs to I β and the i j are pairwise different elements of I α . In other words, f has the form
] and satisfies (5) for all α, β such that a αβ = 0. 1) and 2) are standard facts that are explained in sect. 1. The proof of 3) (sect. 3) rests on some delta-function identities that are established in sect. 2.
We then discuss the relation of this result with the shuffle algebra description of the algebra U q n + (sect. 4). Define Sh the direct sum ⊕ n∈N r Sh n , where for n = (n 1 , . . . , n r ), Sh n is the subspace of C((z It is natural to expect that π is an isomorphism, so that Sh is actually a subalgebra of Sh. This result would probably lead to a simple proof of the PBW theorem for U q n + (see [1, 4] ).
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Properties 1) and 2) of the correlation functions
Recall first the presentation of the positive nilpotent part U q n + of U q g. It has generators e α [n], α simple, n integer, organized in generating series e α (z) = n∈Z e α [n]z −n , subject to the vertex relations
and to the the quantum Serre relations
where
Let us pass to the proof of properties 1) and 2) of the f (z
n ]] is defined as the space of expansions
with no restrictions on the (i j ). On the other hand, for any ring R, R((z)) is the ring defined as the localization
, that is the set of formal series i∈Z r i z i , where the r i belong to R and vanish if i is smaller than some integer. For x i a sequence of generating fields, the series
n ]]. Let V be a highest weight module over U q g. V has a direct sum decomposition V = i≤i 0 V i , which makes it a graded module over U q g, endowed with the homogeneous gradation (where each e α [n] has homogeneous degree n).
(8) is expanded as
n . On the other hand, v belongs to some V j . The coefficient of z
Let now show first that it implies that f (z
]. Rename the fields and variables occurring in the definition of
We have the relations (q
i ) is totally antisymmetric in each group of variables (z (α) i ) i∈Iα , for each α, which implies that B has the form
Then the fact that ξ has fixed homogeneous degree implies that f (z (α) i ) has a fixed total degree in the variables z (α) i . It follows that A has also a fixed total degree in these variables. Write A(z 
Delta-function identities
The
where we set
Proof of Prop. 2.1.
In the case m = 1, the left hand side of (2.1) is
and
so that lhs(w, z 1 , z 2 ) is equal to
that is the right side of (2.1). In the case m = 2, we expand the left side of (2.1) as
Then f 1 (z 2 , z 2 , z 3 ) is expanded as 1
We then compute
It follows that the terms associated with i = 1 in (9) are equal to
Adding up the contributions of all i we find that the left side of (2.1) is equal to its right side.
Remark 1. It is natural to expect that identity (2.1) is valid for any m. For m = 3, this would imply the statement of Thm. 0.2 also forḡ of type G 2 . Identity (2.1) implies the combinatorial identity (6.1) of [8] .
Vanishing properties of the correlation functions
Let us now show that identity (2.1) imply Thm. 0.2, 3). This statement is nonempty only if N α ≥ 1 − a αβ and N β ≥ 1. If a αβ = 0, the commutation of e α (z (α) i ) and e β (z
Assume that a αβ is equal to −1 or −2. Set z i = z 
and set
where we denote by (α, β) = d α a αβ the scalar product of two simple roots.
The quantum Serre relation (7) implies that ξ, left side of relation (7) v ′ is equal to zero. (2.1) implies that this relation is written as
i ) = 0. This implies that the product of the last two terms is itself equal to zero. But the product of A(z (α) i ) with each delta-function is the product of this delta-function and of a function depending only on the z ′ i and w. Since the delta-functions are linearly independent, the evaluation of A(z
is zero. Since A is symmetric in the group of variables z Remark 2. Conditions (5) were obtained in [2] in the case whereḡ = sl n and V is integrable, using products of Frenkel-Kac realizations. In that case, the correlation functions (1) have other functional properties that were studied in that paper.
4. Application to functional description of U q n + In this section, we prove Thm. 0.3. Define dual Hopf algebras (U q b ± , ∆ ± ) as follows. U q b + has generators e α [n], n ∈ Z and K
−n , relations (6) and
, and
(expansion for w << z); the coproduct is defined by 
(expansion for z << w); the coproduct is defined by
So U q b ± are the usual opposite Hopf subalgebras of the new realizations algebras ( [3] ), where the quantum Serre conditions are not imposed. The following result can be viewed as an infinite-dimensional analogue of results in [9, 10] .
Proposition 4.1. We have a Hopf algebra pairing between
(expansion for w << z). The ideals defined by the quantum Serre relations are contained in the radicals of this pairing.
Proof. The verification of the first statement is standard. To show the last statement, let us compute the pairing of the Serre relation (7) left side of (7),
Denote by L m (z 1 , · · · , z m+1 , w) the left side of identity (2.1), with q replaced by q −1 , viewed as a rational function and expanded for z 1 >> z 2 >> · · · >> z m+1 >> w. We find that (10) is equal to
On the other hand, from [8] follows that L m (z 1 , · · · , z m+1 , w) is identically zero (as a rational function, and therefore as a formal series in C((z 1 )) · · · ((z m+1 ))((w)). It follows that (10) is zero. In the same way, one shows that the quantum Serre relations of U q b − are in the radical of the pairing. 
Proof. The Hopf pairing rules and the commutation relations imply that π n defines a linear map from U q b + to C((z ]. Therefore π maps U q b + to Sh. Since π sends the radical of , to zero, it induces a map π from U q b + to Sh.
Ifḡ is not of type G 2 , we can then follow the reasoning of sect. 3 to show that A satisfies (5), which shows that the image of π is contained in Sh.
Define the shuffle product on Sh by the following rule. Let f and g belong to in Sh n and Sh m . Set z 1 = z 
